Abstract. We provide the first example of a Legendrian knot with nonvanishing contact homology whose Thurston-Bennequin invariant is not maximal.
isomorphism. Here F is a front diagram for L, A F is the free, noncommutative, unital Z/2-algebra generated by the crossings and right cusps of F , and Im ∂ ⊂ A F is the two-sided ideal generated by the image of the contact homology differential.
Ng conjectured that the characteristic algebra of a nondestabilizable Legendrian knot is nonvanishing [Ng01, Conjecture 6.4.1], which would imply that the Legendrian contact homology for such knots is also nonvanishing (see Proposition 3.1). We give some evidence for Ng's conjecture by providing the first example of a Legendrian knot with nonvanishing characteristic algebra which does not have maximal Thurston-Bennequin invariant. The general situation is still far from clear, however, as we also provide some evidence against Ng's conjecture. Chongchitmate and Ng exhibited a Legendrian m(10 139 ) which does not have maximal Thurston-Bennequin invariant and which they conjectured, based on computational evidence, is nondestabilizable and sits atop its own peak in the tb-r mountain range. In Section 4 we prove: For the purposes of computing the contact homology differential for a Legendrian knot, it is useful to have it presented as the plat closure of a positive braid. Using Chongchitmate and Ng's original presentation, it is not difficult to derive the plat diagram for the m(10 161 ) appearing in Figure 1 . In Figure 1 there are a total of 35 crossings and 5 right cusps. The crossings are labeled x 1 through x 35 from left to right and the right cusps are labeled x 36 through x 40 from top to bottom. Therefore, for this front diagram for the m(10 161 ), A m(10 161 ) is equal to Z/2 x 1 , . . . , x 40 , the free unital Z/2-algebra of rank 40 generated by x 1 , . . . , x 40 . The full boundary map is given in Appendix A.
The Proof of Theorem 1
We begin with a straightforward observation relating (non)vanishing properties of the characteristic algebra to contact homology. Proposition 3.1. Let L be a Legendrian knot in the standard contact 3-sphere. If the characteristic algebra of L is nontrivial, then so is its contact homology.
Proof. Suppose that the contact homology
of L is trivial (here Im ∂ ker denotes the two-sided ideal generated by the image of the boundary map inside ker(∂)). Then, since ∂(1) = 0, it must be the case that the unit element 1 is contained in Im ∂ ker . However, since ker(∂) is a subalgebra of A L , this implies that 1 must also be contained in the two-sided ideal Im ∂ generated by the image of the boundary map inside the full algebra A L . Therefore, the characteristic algebra of L also vanishes, completing the proof of Proposition 3.1.
By Proposition 3.1, Theorem 1 will follow if we can show that the characteristic algebra of the Legendrian m(10 161 ) depicted in Figure 1 is nontrivial.
The characteristic algebra C(m(10 161 )) = A m(10 161 ) / Im ∂ is C(m(10 161 )) = Z/2 x 1 , . . . , x 40 / ∂x 1 , . . . , ∂x 40 .
From the differential we have that ∂x 2 = x 1 , ∂x 6 = x 3 , ∂x 5 = x 3 x 2 + x 4 , ∂x 8 = x 7 , ∂x 10 = x 9 , ∂x 15 = x 14 , ∂x 17 = x 16 , and ∂x 26 = x 25 , so, in C(m(10 161 )),
(1)
To show that C(m(10 161 )) = 0 we will actually show that a quotient, C = C(m(10 161 ))/I, is nontrivial.
Define I as the two-sided ideal generated by the elements and let C := C(m(10 161 ))/I.
Using (1) and the relations of I, the defining relations of C(m(10 161 )) (i.e. the boundary maps in Appendix A) can be simplified as x 2 x 13 + x 12 x 11 = 1 x 11 x 12 + x 27 x 12 = 0
x 13 x 2 = 1
x 11 (x 29 + 1) = 1 (2) (x 29 + 1)x 11 + x 2 x 27 = 1
x 27 x 12 = 1 x 27 x 2 = 1.
Therefore, C is isomorphic to Z/2 x 2 , x 11 , x 12 , x 13 , x 27 , x 29 modulo the relations in (2).
Lemma 3.2. The algebra C is isomorphic to the algebra
Proof. Define the map
Under this map, the relations in (2) become
so C is isomorphic to Z/2 a, b, c, d, e, f modulo these relations.
Note that, by adding (4) to (8), the above relations imply The relations (3)-(9) imply the relations (11)-(17) as follows:
• The relation (11) already appears as (8).
• Multiply (3) on the left by c and simplify using (8) and (9) to get (12).
• Multiply (12) on the right by a and simplify using (10) and (8) to get (13).
• Multiply (7) on the right by a and simplify using (10) and (8) to get (14).
• Multiply (14) on the left by c and simplify using (8) and (9) to get (15).
• Multiply (12) on the right by d and simplify using (6) and (15) to get (16).
• Finally, multiply (12) on the left by a, multiply (14) on the right by b, add the results and simplify using (3) to get (17). On the other hand, we can derive (3)-(9) from (11)-(17) as follows:
• Multiply (12) on the left by a, add to (17) and simplify using (14) to get (3).
• Multiply (12) on the right by a and simplify using (8) and (13) to get (4).
• Multiply (14) on the left by b and simplify using (13) and (16) to get (5).
• Multiply (12) on the right by d and simplify using (15) and (16) to get (6).
• Multiply (12) on the left by d, add to (17) and simplify using (14) to get (7).
• The relation (8) appears as (11).
• Multiply (14) on the left by c and simplify using (8) and (15) to get (9). Therefore, since the two collections of relations (3)- (9) and (11) The goal now is to show that C is nontrivial, which will imply that C(m(10 161 )) is nontrivial as well. Proof. To prove this, we define an action of C on H, where H is a countably infinite-dimensional vector space over Z/2. Provided we can show this action is nontrivial, this will imply that C is nontrivial.
As with any infinite-dimensional vector space, H can be written as
Fix identifications H ∼ = H 1 and H ∼ = H 2 (throughout what follows the symbol ∼ = will refer to these fixed identifications).
Let a, b, c, d act on H as follows: The braid word for the plat diagram in Figure 2 is: 6, 7, 8, 9, 10, 11, 12, 13, 13, 5, 7, 9, 11, 2, 4, 6, 8, 10, 11, 13, 12, 10, 11, 9, 10, 8, 9, 7, 8, 6, 7, 5, 6, 4, 5, 3, 4, 2
In order to prove that the contact homology and characteristic algebra of the m(10 139 ) are trivial, it suffices to construct an element a ∈ A such that ∂a = 1. From the presentation of the differential given in Appendix B, we see that 1 = ∂ (x 2 + x 10 ) (x 41 x 11 + x 14 x 42 )x 15 + x 41 − x 44 x 22 + x 24 + (x 4 + x 16 )(x 15 x 22 + x 19 ) + x 6 + x 43 . Therefore, the contact homology and characteristic algebra of Chongchitmate and Ng's m(10 139 ) both vanish over Z[t, t −1 ].
• ∂x 7 = 0
• ∂x 20 = x 2 x 13 + x 12 x 5 x 13 + x 12 x 11 x 2 x 13 + 1 + x 12 x 6 + x 12 x 11 + x 19 x 13 • ∂x 21 = x 2 x 14 + x 12 x 5 x 14 + x 12 x 11 x 2 x 14 + x 12 x 7 + 
